Introduction
Let N and C denote the sets of positive integers and complex numbers, respectively. Throughout the paper, we always assume that q ∈ C and |q| < 1.
In their paper, J. M. Borwein 
1.5
Elementary proofs of 1.2 , 1.3 , and 1.5 can be found in 3 . The Borwein brothers 1 also proved the following well-known relation for a q , b q and c q , namely:
In his second notebook 4 , Ramanujan gave the definitions of the Eisenstein series L q , M q , and N q , namely,
respectively. Alaca et al. 9 also derived the following parametric representations for b q and c q in terms of p and k. From Theorems 1, 2, and 4 in 9 , we have
2.4
We now describe our approach. 
where each C i is a rational number and T i is a product involving mL q m − L q and M q m . Substituting the representation for T i in terms of p and k into 2.5 , then both sides of 2.5 are functions in p and k. Equating the coefficients of p i k j on both sides of 2.5 , we obtain some linear equations in C i . If these equations have a solution, then we can use computer to solve the equations and determine the values of the C i . We then obtain some Eisenstein series identities involving the Borweins' cubic theta functions.
Some Eisenstein Series Identities
In this section, we derive some Eisenstein series identities. In fact, utilizing our method, we can obtain many identities, here we just list some of them. Our main theorem can be stated as follows. Proof. We first prove the formula 3.1 by our method. We assume that
Theorem 3.1. One has
1 − 6 ∞ n 1 nq n 1 − q n − 4nq 2n 1 − q 2n − 9nq 3n 1 − q 3n 16nq 4n 1 − q 4n q; q 6 ∞ q 2 ; q 2 3 ∞ q 12 ; q 12 ∞ q 4 ; q 4 3 ∞ q 3 ; q 3 2 ∞ q 6 ; q 6 ∞ b 2 q b q 2 b q 4 , 3.1 1 3 ∞ n 1 nq n 1 − q n − nq 2n 1 − q 2n nq 4n 1 − q 4n − 9nq 12n 1 − q 12n q 4 ; q 4 6 ∞ q 2 ; q 2 3 ∞ q 3 ; q 3 ∞ q 12 ; q 12 2 ∞ q 6 ; q 6 ∞ q; q 3 ∞ b 2 q 4 b q 2 b q , 3.2 1 − 3 ∞ n 0 nq n 1 − q n − 2nq 2n 1 − q 2n − 9nq 3n 1 − q 3n 18nq 6n 1 − q 6n q; q 3 ∞ q 2 ; q 2 3 ∞ q 3 ; q 3 ∞ q 6 ; q 6 ∞ b q b q 2 , 3.3 1 − 12 ∞ n 1 nq n 1 − q n − 8nq 2n 1 − q 2n 9nq 3n 1 − q 3n q; q 12 ∞ q 6 ; q 6 2 ∞ q 2 ; q 2 6 ∞ q 3 ; q 3 4 ∞ b 4 q b 2 q 2 , 3.4 1 3 ∞ n 1 2nq n 1 − q n − nq 2n 1 − q 2n − 9nq 6n 1 − q 6n q 2 ; q 2 12 ∞ q 3 ; q 3 2 ∞ q; q 6 ∞ q 6 ; q 6 4 ∞ b 4 q 2 b 2 q , 3.5 1 3 ∞ n 1 nq n 1 − q n − 4 nq 2n 1 − q 2n − 9 nq 3n 1 −C 1 2L q 2 − L q C 2 3L q 3 − L q C 3 4L q 4 − L q C 4 6L q 6 − L q C 5 12L q 12 − L q b 2 q b q 2 b q 4 .
3.24
Equating 
3.25
Solving the above five equations, we obtain
Substituting the above values into 3.24 , from 1.2 and 1.7 , we obtain 3. 
